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(~| , Abstract 



We show how two principles - strong coupUng and discrete symmetry - can work together 
^^ \ to generate the flavour structure of the Standard Model. We propose that in the UV the 

full theory has a discrete flavour symmetry, typically only associated with tribimaximal 
vQ ' mixing in the neutrino sector. Hierarchies in the particle masses and mixing matrices then 

\^ . emerge from multiple strongly coupled sectors that break this symmetry. This allows for a 

realistic flavour structure, even in models built around an underlying grand unified theory. 
\f^ . We use two different techniques to understand the strongly coupled physics: confinement 

f^ ' in A/" = 1 supersymmetry and the AdS/CFT correspondence. Both approaches yield 

^^ . equivalent results and can be represented in a clear, graphical way where the flavour 

symmetry is realised geometrically. 

rS : 1 Introduction 



a 



It is widely believed that strong coupling could explain several difficult phenomenological 
puzzles. The first truly compelling indication came with its application to supersymmetry 
breaking in A/" = 1 theories [IHS]- Subsequently the advent of Seiberg duality Hl|5] opened 
rigorous lines of attack on other questions and led to a burst of model building activity [5HIU]. 
Our purpose in this paper is to revisit one of those early ideas, namely the proposal of 
Refs. [UdT] that strong coupling effects generate the hierarchical flavour structure that we 
observe in the quark and lepton masses and mixingq^. 

Developments since that work are encouraging a return to the subject |13fll9j . Firstly 
there is now a better understanding of the neutrino masses and mixings and a large number 



^Although the idea that part of the Standard Model was composite was certainly not new at the time |12) 
Ref. [6] is, to our knowledge, the first direct applications of Seiberg duality to it. 



of well defined flavour models for the lepton sector (see Ref. [20] for a recent comprehensive 
review). Mostly these rely on non-abelian discrete symmetries, the default example being the 
A4 tetrahedral symmetry |21H24j . Success has also been had with symmetry groups T' [25], 
5*4 [2U], A(27) [27] and other, more exotic groups [55]. Strangely though, such discrete 
symmetries are not particularly helpful in explaining the quark sector masses and mixings. In 
order to accommodate the very different structures in the quark and lepton couplings, one has 
to have peculiar vacuum misalignments. Not only are these difficult to achieve, but also they 
do not sit easily with an underlying grand unified theory (GUT) structure. Some progress 
has, however, been made in this direction: see Ref. [171129] for some example models. 

The second reason we wish to revisit the subject is that, in the interim, the AdS/CFT cor- 
respondence has given us a geometrical way to think about strong coupling. Interest in strong 
coupling in flavour physics has usually been drawn to models with a single confinement scale. 
The hierarchies either being associated with different dimensionalities of the composite par- 
ticles [T3 l [T5 | [T8 l ll9 p30l - [32] . exponentially small wavefunction overlaps in the extra dimension 
(which from the AdS/CFT point of view is equivalent) [TUl[T71 [73 y33f[55] . residual horizontal 
symmetries |40j or some combination of the three. However, the role of discrete symmetries 
such as ^4 in any of these scenarios is obscure: although it can be incorporated into the 
model |T71|23] the underlying geometric origin is elusive). 

In this paper our approach will, by contrast, be governed by two principles. First we 
will assume that strong coupling effects (for example vastly different compositeness scales) 
are responsible for generating hierarchies in masses and mixings. Second we believe that any 
discrete symmetries underlying the lepton/neutrino masses and mixings are also present in the 
quark sector but are broken by these strong coupling effects (in a way to be described). This 
is hard to avoid if one is interested in grand unified theories - indeed one of the central points 
we wish to make is that strong coupling allows one to get much closer to an underlying GUT 
structure than purely perturbative models of flavour. The general picture we will explore 
(depicted in Figure II. ip is related to that of Ref. [11] , except that instead of anarchy in the 
UV there is discrete symmetry. The quark sector is hierarchical because quarks are mainly 
composite states whereas the leptons, and especially the neutrinos, are more elementary so 
display a discrete symmetry. We should stress at this point that the compositeness scales we 
have in mind could be anywhere between the weak and GUT scales. In the latter case we will 
invoke super symmetry to protect the Higgs mass terms. 

There are various ways to think about strong coupling. In the context of AA = 1 supersym- 
metric theories Seiberg duality is a powerful tool because one has detailed information about 
the superpotential [4j. We begin by discussing strong coupling effects in that framework. In 
the models we will be examining first we introduce three strongly coupled SU(2) gauge groups, 
one for each generation. Each of these groups confines and produces part of a generation of 
Standard Model matter as bound stateqj (in terms of the parent SU(5) theory of the Standard 
Model these states correspond to the antisymmetric 10). The confining groups all have their 



^We should add that geometrical explanations of discrete symmetries in perturbative higher dimensional 
orbifold models can be achieved by compactifying on an orbifold that has the symmetry in question [22ii4llt44] . 
String theory compactifications have been found that exploit similar geometric pictures either using orbifolds 
directly or D-brane configurations [45H49) with magnetized D-branes and wave-function localization. 

■^Multiple confinement models similar to those we will be considering have appeared in the context of D- 
brane constructions in type IIA string theory |50II51| . In those cases the compositeness scales were taken 
to be non-hierarchichal and, with the emphasis being on the localization of open strings at different brane 
intersections, these models can be thought of as a dual version of the localized bulk zero modes. 
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Figure 1.1: A schematic diagram of our aim. The UV theory wih be bestowed with a discrete 
symmetry that is broken in the IR by strong couphng effects. The neutrinos are taken to hve 
in the UV as elementary fields so do not feel this symmetry breaking, whereas the quarks are 
taken to be composite operators living mainly in the IR and so do. 



own dynamics, naturally allowing an exponential hierarchy in the compositeness scales. This 
hierarchy appears in the superpotential when one trades bound states of the electric theories 
for properly normalized elementary fields in their magnetic dual description. Meanwhile any 
discrete global symmetries must be present in both the confined and deconfined theories, so 
will determine the detailed structure of the coupling constants and mixing matrices. In the 
example we provide in ^the interplay between a Z3 permutation symmetry and an effective 
Z2 symmetry in the confined theory (arising from the confinement scheme) ends up mimick- 
ing the behaviour of the more traditional ^4 flavour symmetry. Thus tribimaximal mixing 
is obtained in the neutrino sector, whereas Z3 is broken by the strong coupling in the quark 
sector to allow a realistic form for the quark mixing matrix as well. 

The more geometrical way to think about strong coupling is, as we have said, via the 
AdS/CFT correspondence. Indeed, as we will discuss in ^ there is a simple configuration 
that can mimick the confinement and discrete symmetries of the model described above. 
First one can replace each strongly coupled SU(2) gauge group with an unknown strongly 
coupled CFT and consequently with a slice of AdS. The composite quark and lepton states 
are localized on (or near) the Infra- Red (IR) brane of each throat while the elementary states 
are localized on (or near) the Ultra- Violet (UV) brane. In order for there to be interactions 
one of course has to sew the three throats together at the UV end, which leads to a multiple 
throat background of the type discussed in Ref. [52], each throat corresponding to a single 
generation. The Z3 symmetry that plays a role in the generation of the tribimaximal mixing 
of the neutrino sector corresponds to symmetry under cyclical permutations of the throats. In 
the holographic interpretation this symmetry is spontaneously broken by the strongly coupled 
sectors. This can be manifest as either different bulk masses in the throats or different throat 
lengths or both. 

The picture that emerges for the Z3 symmetric case is shown in Figure 11.21 It consistently 
represents both the field theory and the holographic approaches: it is in fact a completely 
general geometrical depiction of how to arrange strong coupling hierarchies and a discrete Z3 
symmetry in order to achieve the flavour structure observed in nature. In the configuration 
shown, the neutrinos and quark singlets are mainly elementary and are subject to the discrete 
symmetry of the UV theory, while the quark doublets and lepton singlets are composite, so 
their couplings pick up hierarchical factors from the compositeness scales. This is where the 
Z3 breaking is manifest. The degree of compositeness of a particular state is indicated in 
Figure 11.21 by the distance from the node, which enjoys the full Z3 symmetry. Note that 
other phenomenologically viable configurations are possible. We should add that a similar 
arrangement in non-strongly coupled scenarios (for example an orbifold compactification with 





Figure 1.2: The triple confinement picture. Elementary states at the node feel the full discrete 
symmetry. Bound states are situated at the ends of "throats". The discrete symmetry is 
broken either by different throat lengths (left) or by different localisations of the fields in each 
throat (right), corresponding to different dynamical scales or field normalisations respectively. 
Both effects break the discrete symmetry. The picture is also representative of the purely field 
theoretical configuration. 



overlapping wave- functions) would be equally viable (but possibly more difficult to achieve): 
indeed we regard the present work as essentially putting strong coupling contributions to 
flavour structure on an equivalent geometrical footing. An important feature of this diagram 
is that the up quark Yukawas are composite-composite-elementary couplings, the down quark 
and charged leptons are composite-elementary-elementary while the neutrino couplings are 
elementary-elementary-elementary. This explains why the down quarks and charged leptons 
have similar mass hierarchies, while the ups have roughly the square of the down hierarchy, 
and the neutrinos have little or no hierarchy and large mixing. We will see that correct 
mixings are natural and easy to achieve with this configuration. 

The geometric picture makes obvious two important additional points. The first is, what 
is responsible for breaking the Z3 symmetry? How do we for example end up with different 
throat lengths? In AdS/CFT this can be explained by (for example) invoking the Goldberger- 
Wise mechanism |53j in which a scalar field acquires a VEV on both the UV and IR branes. 
In order to generate three different throat lengths, the potential in question must be both Z3 
invariant and allow at least three different VEVs for the scalar on the IR brane. From the 
5D point of view the Z3 symmetry is then simply spontaneously broken at tree-level. From 
the 4D point of view the VEV represents a coupling (between a source term and composite 
operators in the GET) that runs from a UV fixed point to generate alternative forms of 
radiative symmetry breaking. The second point that the geometric picture elucidates is what 
happens to the underlying GUT structure. In the traditional SU(5) theory Q,e^,u'^ sit in 
the antisymmetric 10 and d'^, L sit in the antifundamental 5. Therefore the diagram clearly 
breaks the SU(5) structure; however it is seen to be still approximately intact, in the sense that 
the wavefunctions of fields in a given SU(5) multiplet are all localized close to each other in 
either the UV or the IR. It is reasonable to expect such a slight splitting of wave-functions to 
occur since, after GUT symmetry breaking, different anomalous dimensions can arise within 
SU(5) multiplets. 



2 General principles 

Let us first put aside the question of discrete symmetries for a moment, and outline in this 
section in very broad terms how one can take advantage of strong couphng to address flavour 
structure. We will focus on the M = 1 MSSM throughout For reference we briefly review the 
objective: the Yukawa terms determining the flavour structure in the MSSM superpotential 
are 

W^MSSM ^ ^d,ijdiQjH + Xu,iju1QjH + Xe^ije^LjH + X^^ijU^LjH . (2.1) 

In order to invoke the see-saw mechanism for neutrino masses there will also be additional mass 
terms in the neutrino sector which we shall address in due course. The indices i^ j = 1 ... 3 
label the generations of the matter fields. 

Measurements of quark and lepton masses suggest a large hierarchy in both the quark and 
charged lepton sector, but not necessarily in the neutrino sector. Specifically, the experimental 
mass values for the quarks and charged leptons at the weak scale are 



mt = (169.0 - 173.3) GeV rrn, = (4.13 - 4.37) GeV m^ = 1.77 GeV 

rUc = (1.16 - 1.34) GeV rus = (70 - 130) MeV m^ = 106 MeV (2.2) 

rriu = (1.5 - 3.3) MeV nid = (3.5 - 6.0) MeV nie = 0.511 MeV . 

The experimental upper bound on the neutrino masses are 2 eV [54] and the measured mass 
squared splittings are Am^i = 7.59 x 10^^ eV^ and Am^j = 2.43 x 10^^ eV^. These two 
facts suggest neutrino masses in the (0.1 — 1) eV range. Mixing in the weak sector is governed 
by the CKM matrix: for the present discussion we can represent it in an order of magnitude 
form, as 

/I J] er]\ 
^CKM ~ r/ 1 e (2.3) 

\ £?? e 1 / 

where e ~ 0.04 and r/ ~ 0.22 (CP violation will for the moment be ignored). The neutrino 
mixing is described by the PMNS matrix: the matrix required to diagonalise X^^ij with 
respect to a basis in which Xe^ij is already diagonal. Here observations favour the texture 
of tribimaximal mixing proposed by Harrison, Perkins and Scott [55] : 




^PMNS ~ Vhps = -VV6 VV3 -VI72 • (2.4) 




To attack these wildly differing flavour structures, we will be appealing to the idea of 
confinement. Instead of taking the matter fields of the MSSM to be elementary fields, we 
assume that some of them are bound states of a strongly coupled sector. For a given gauge 
group the dynamical scale corresponds to gauge couplings through RG fiow as 

A ~ Ee-'^'^'/aHE) (2.5) 

where h is the beta function coefficient for the confining gauge group and E is the renormalisa- 
tion scale. Therefore they very naturally support an exponentially large hierarchy. Physically 



^Although the discussion should in fact also apply to non-supersymmetric models, the dynamical scales we 
will be using are relatively close to the GUT scale and therefore we assume supersymmetry purely to protect 
the Higgs mass. 



A is the scale at which the gauge couphng diverges - i.e. the Landau pole scale. Obviously 
this idea can explain mass hierarchies for the various MSSM fields, but can it account for the 
qualitative differences in mixing between the quark and neutrino sectors? In fact Ref. [32] has 
already established that large lepton mixing and small quark mixing can be generated by just 
a single compositeness scale. We are encouraged by this to seek multiple confinement scale 
configurations that explain both hierarchies and mixings. Our central proposal is that a mass 
hierarchy is generated by three separate confining gauge groups, one for each generation: in 
the discussion of this section the hierarchies will be associated with the confinement scales of 
the gauge groupqj. 

In order to demonstrate how some of the flavour structure can be generated, suppose that 
the quark doublets Qa are bound states of some unknown, strongly coupled gauge group: 
generically one expects 

KQa ~ YaYa (2.6) 

where the Ya stand for generic (arbitrary and possibly distinct) elementary fields in the 
deconfined theory, and the dynamical scales A^ of the strongly coupled theories are the only 
dimensionful parameters that can make the dimensions of the two operators match. In AA = 1 
supersymmetry we can exploit the fact that a strongly coupled theory is well described in the 
IR by a different, weakly coupled theory through the principle of Seiberg duality [11[5] and so 
identify these bound states and their holomorphic couplings more precisely. The appearance 
of Aa with no other small parameters is reasonable in Seiberg duality if we assume that all 
terms appearing in the Kahler potential are of order unity with appropriate powers of the 
only dimensionful parameter available, Aq. Let us make the same assumption for the right 
handed lepton singlets ejj, 

A,e^ ~ YaYa , (2.7) 

but not for the lepton doublets Lj or right handed neutrino singlets ff or up quarks wf . The 
Yukawa couplings of the low energy theory would appear in the elementary, deconfined theory 
as higher order nonrenormalizable operators: 

WUV 3 ^ [Uiadi{YaYa)H + Cu,ia<iYaYa)H + CeMYaYa)UH'^ + A,,,,Z.fL,F , (2.8) 

where Mx is some high scale and the ^'s and A^ are assumed to be generic matrices of 
order unity. Sums are taken over all indices. Below the scales A^ each of the gauge groups 
confine and the composite operators are replaced with elementary fields using Eqs. ()2.6p and 
(|2.7p . reproducing the Yukawa terms of the MSSM superpotential. However, a hierarchy now 
naturally arises in the couplings due to the dynamical scales, i.e. 

A.~^e... (2.9) 

Specifically, if we describe the hierarchy in the dynamical scales by two small parameters, e 
and r], where 

Ai = rj A2 = erjAs , (2.10) 



^Compositeness can also generate hierarchies if the generations are associated with composite operators of 
different dimensions as in Ref. [15) for example. 



then the Yukawa couphngs for the quarks and charged leptons take the form 

(2.11) 




Note that the masses wih not be numerically correct for this simple model since it predicts 
the up quark and down quark hierarchies to be the same which they clearly are not. Therefore 
we cannot expect to reproduce all the features of the Standard Model with this configuration; 
nevertheless some of the coarser mixing structure is suggestive. Indeed let us assume (without 
loss of generality) that our basis for the fields is such that the up quark and charged lepton 
Yukawas are already diagonal. In order to diagonalise the down quark Yukawa one makes a 
bi-unitary rotation: 

Xd = ulXdVd. (2.12) 

where the matrices Ud and V^ act on the right handed and left handed down quarks respec- 
tively. From Arf it is clear that, while all the elements of U^, will be of order unity, the matrix 
Vd will take the order of magnitude form 



Vd-^ I V 1 £ • (2.13) 
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But as Vd (or more precisely V^ ) rotates the left handed quark doublet it must be the CKM 
matrix. Its structure is in keeping with Eq. (|2.3p : optimising m^ and taking a running 
TTif, ~ 2.5 GeV at the weak scale gives r/ ~ 0.1 and e ~ 0.04. 

Similarly, we can immediately deduce the order of magnitude form of the PMNS matrix. 
The neutrino Yukawa is also diagonalised by a bi-unitary rotation 

K = UlKUl. (2.14) 

But no composite fields appear in the neutrino Yukawa so the components of X^, come directly 
from the UV theory and are expected to be generic and of order unity. Hence the elements 
of both UyS are also of order unity. Uy is identified with the PMNS matrix, with its order 
one components favouring large neutrino mixing angles. The general argument would not 
be drastically changed if we were to allow the right handed quarks and/or neutrinos to be 
composite in the same way, or if we allowed all three generations of lepton doublets to be 
composite under a single, strongly coupled gauge group, giving just one scale and thus no 
hierarchy in the mixing matrices. 

This captures the basic structure of both mixing matrices and also gives hierarchical 
masses for quarks and leptons. However there is clearly some mismatch in the numerical 
values, so this simple example does not yet have the required detail. Moreover as already 
mentioned the experimentally favoured form of the PMNS matrix hints strongly that there is 
some discrete symmetry at work as well, such as the ^4 symmetry of Refs. [21]. Most examples 
of discrete symmetries in this context require an extended Higgs sector to achieve the correct 
mixing, but we will see that compositeness opens up new possibilities. Indeed by putting the 
deconfined degrees of freedom (i.e. the y's) into appropriate representations of some discrete 
symmetry we can get additional constraints on the ^'s appearing in the UV superpotential of 



Eq. (j2.7p . If these discrete symmetries are only broken by the strongly coupled sectors of the 
theory, the constraints remain in the lepton sector of the confined theory. 

In the following section we show how in this way a composite model with a Z3 permutation 
symmetry can mimick the usual A4 mechanism for the leptons, whilst maintaining the hierar- 
chical quark structure generated by the different confinement scales, along the lines described 
above. Many other variations with different discrete symmetry groups are possible but the 
one we favour has the particularly simple and attractive geometric interpretation described 
in the Introduction. 

3 Hierarchies driven by confinement scales 

We will now consider an explicit example of the principles discussed in the previous section 
and embed into it a discrete symmetry. We will use an SU(5) GUT structure, however this 
could just be used as a book-keeping device rather than for physical reasons so, although 
we will include a 5 and 5 of Higgs fields, only the doublets need actually be present in the 
physical theory. The gauge group is extended to include three copies of SU(2), which will 
make up the confining sector of the model, giving the overall gauge group 

SU(5)xSU(2)^ (3.1) 

In addition, there is a global Z3 permutation symmetry between the three SU(2) gauge groups. 
The strong coupling dynamics of the SU(2)'s will ultimately break this symmetry: in this case 
one could imagine that the Z3 symmetry is spontaneously broken by the VEVs of moduli fields 
in the underlying theory that determine the SU(2) couplings. An alternative possibility is 
simply that the SU(2) couplings flow in three different directions from a UV fixed point. 

A simple choice for the theory's matter content is given in Table ISTTl The fields Pi, Qi and 
Y"" are, unlike the Higgses, in complete SU(5) multiplets in order to preserve gauge coupling 
unification and ensure anomaly cancellation. The Z3 permutation symmetry is taken to act 
on both the generation index i and the SU(2) gauge group label a. There is an i?-parity that 
will reduce to the usual matter parity in the low energy theory. We also use the expedient of a 
global U(l) symmetry to prevent any operators involving P that could result in proton decay. 
The choice of charges is not unique and other possibilities can be considered: for example 
setting the Pi and YaZa charges to be +1 rather than —1 and having no U(l) would result in 
the light Higgs being instead a linear combination of these fields and H and H. We discuss 
this possibility in ^ 

The most general superpotential compatible with the symmetries up to fifth order in the 
field^ is 

Wuv = fiHH + Cp,iaP^YaZa + -T^CQ^YaYaH + -i^C„,e(5)y^y^y,y,// + 

K,ijvtQjH + M^^iju^v"^ . (3.2) 

where the ^'s, C,, Xy and My are coupling constants and e^^' denotes a contraction over 
the SU(5) gauge indices with a rank five alternating tensor. The coupling constants are 



^There are actually some additional operators at fourth order but they remain fourth order in the confined 
theory so are irrelevant in the IR. 



constrained by the Z3 symmetry to take the general forms 

^,K=i c a b ] , C , -M, = 1 y X y \ . (3.3) 
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We derive these expressions in AppendixjAj where it is shown that a, 6, c, x and y are undeter- 
mined dimensionless constants (different for each of the matrices) and m is an undetermined 
mass scale. 

Each SU(2) group sees six fundamentals so they all independently s-confine at scales Aq. 
We will assume these dynamical scales are related hierarchically such that 

^=A^' ^=A^ ('•') 

for some small parameters e and r]. As usual, the s-confinement does not change the slope 
of any of the /3-functions so gauge unification takes place at the usual scale independently of 
the choice of A^'s. We then define elementary IR fields 

KAa ~ YaYa , A,P, ~ Y^Za (3.5) 

to arrive at the matter content of Table 13.21 and the superpotential 

Mx Mj. 

X,,i,U^QjH + M.^ijU^U^ + e'^'^AaAaPa . (3.6) 

Since the confinement scales appear with the lO's, much of the hierarchical structure of the 
quarks and charged leptons will resemble that of the so-called ten-centred models described 
in Refs. [6l[Tl]. The final term in ()3.6p is generated non-pertubativel}13 by the SU(2) gauge 
dynamics but it has little significance in the low energy theory. Assuming that the components 
of Cp,ia in Eq. p.2p are generic and of order unity, both P and P gain Dirac masses of order 
Aa and are integrated out of the confined low energy theory. However, as P does not appear 
in any Yukawa terms there is no effective proton decay operator generated by the P sector; 
indeed the only effect of the AAP term is to provide a decay channel from P's to standard 
model particles. With the usual SU(5) matter assignments, the low energy superpotential is 
thus of the MSSM form: 

WiR = flHH + Xd,iadiQaH + Xu,abU'aQbH + K^iaelUH + X^^ijvfLjH + M^^ijufv"^ . (3.7) 

The coupling constants are read straight from Eqs. ()3.3p and ()3.6p as 

aerj be c \ /AX^/ ^^"^V^ y^'^V y^f] 

cerj ae b \ , Xu = ( -tF" ) ^^^^ ^^' 

ber] ce a J \ y^V y^ 



Xd,Xe = jj- \ cerj ae b \ , A„ = ( -jj- j ( ye^r] xe^ ye | . (3.8) 



If we are not using SU(5) as a physical GUT symmetry but merely as a book-keeping device, 
we are free to assign different values to the o's 6's and c's in Xd and Ag. 



^The non-perturbative nature of this term explains why it does not respect the global U(l) symmetry, 
which is anomalous under the complete gauge group of the UV theory. 
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Table 3.1: The deconfined SU(5) x SU(2)'^ model with elementary Higgses. The indices a and 
i run from 1 to 3 and the bottom two symmetries are global. The SU(5) gauge group is used 
for hook-keeping purposes only. In addition, there is a Z^ permutation symmetry acting on 
indices i and a. 
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Table 3.2: The matter content of the confined SU(5) x SU(2)^ model with elementary Higgses. 

The appearance of e's and r/'s in the Yukawa matrices does not respect the global Z3 
permutation symmetry - in other words we assume that it is only broken by the confinement 
scales. This is a dynamical process driven by the different gauge couplings in each of the 
confining SU(2) gauge groups. If the gauge couplings were turned off the SU(2)'s would 
become global symmetries and Z3 would remain. Since the SU(2)'s are asymptotically free, 
one sees that this is actually the case in the UV. 



3.1 Masses and mixings 

The most general charged lepton Yukawa coupling is given in Eq. (|3.8p . For simplicity first 
consider the case where it is diagonal, i.e. 6 = c = and a = Og. With this choice, the charged 
lepton mass matrix is 



mi = {H)Xe = 

We thus predict charged lepton masses 
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and the ratios of these masses fix the values of e and rj to be 



me = erjOeiH) 
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In the neutrino sector, tribimaximal mixing is then ensured by the Z3 permutation symmetry, 
while a see-saw mechanism produces a hght neutrino mass. The mass matrix for the hght 
neutrinos is attaineqj using Eq. ()3.3p ; 

m, = {HfKM^^Xl = , ^^f"', ^ , I -y x + y -y \ . (3.12) 




m[x — y){x + 2y) 

To find the PMNS matrix we diagonahse the neutrino mass matrix; 

{H)^al {H)^al {H)^a 



m„ 



^HPS'^i'^HPS = diag 



miyX — y) ' m{x + 2y) ' m{x — y) 



(3.13) 



with l^ps as given by Eq. (j2.4p . i.e. the tribimaximal mixing matrix. On the other hand, if 
the off diagonal terms in the charged lepton Yukawa of Eq. ()3.8p are allowed to vary from 
zero by an amount a (which is permitted by the Z3 symmetry) one expects deviations from 
tribimaximal mixing. We investigate this possibility more thoroughly in Appendix [B] where it 
is shown that if o" < e^ < 1 the deviations are of order a and are otherwise order unity. The 
masses of the neutrinos are unaffected. Since e ~ 0.1, this implies that Ae must be close to 
diagonal. This could be the result of underlying string selection rules, more generally texture 
zeros, or it may have a direct geometric interpretation as we will see later in the holographic 
incarnation of this model. 

Eq. (|3.13p shows that two of the neutrino masses are predicted to be degenerate while the 
third remains distinct - in the case where 6 = c = one finds 

rriyi = m„2 = —, r , rn^z = —, — -^r^ • (3.14) 

myx — y) m[x + 2y) 

If a, X and y are of order unity and the Higgs VEV is of order the weak scale we must 
have m ~ 10^^ GeV to put the scale of the neutrino masses around y'Am^ ~ 0.1 eV. The 
experimental measurement Am'^2 — 2-43 x 10~^ eV is then automatically satisfied so long 
as x/y ~ 1. In addition, both normal and inverted hierarchies are readily attained due to the 
complex nature of x and y. To split the degeneracy between rriui and mi^2 and reproduce the 
observed splitting Am2i = 7.59 x 10~^ eV one can appeal to radiative corrections similar to 
those calculated in Ref. |2lJ. 

Turning to the quark sector, we will first consider a simplified case to illustrate a general, 
physically significant feature of the model. However we will soon find that, as in Refs. [6llll]. 
these simplifications give a Cabibbo angle and an electron mass which are both too small, so 
we will later move to a more general model that gives the correct quark mixing. Neglecting 
the CKM matrix for the moment, let us choose b = c = y = (and a = a^, x = Xu) in 
the quark Yukawa matrices of Eq. (|3.8p . One then has diagonal quark mass matrices with 
eigenvalues 

™,..,.,(^)= ,....(.,j^^)^ ,...v.<.>(^- 

mb = ad{H)—— ms = ead{H)—— md = eriad{H)—— . (3.15) 



This is actually the result for a diagonal neutrino Yukawa \y. Setting 6, c 7^ only changes the numerical 
values of the two light neutrino mass eigenvalues and not the mixing pattern, implying that it is the right 
handed neutrino Majorana which is the source of the neutrino mixing in this model. 
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The model therefore predicts a relationship between mass ratios in the up and down quark 
sectors: 

^=f^V = e^ !I^=f!!My = ^^ (3.16) 

Comparing with the experimental masses in Eq. (j2.2p we find that both ratios are in agree- 
ment with the data (up to factors of order unity) provided one uses the expected running 
bottom mass of around 2.5 GeV. This suggests an explanation for the difference in mass 
hierarchies between the up quark and down quark sector: the down quark Yukawa comes 
from a composite-elementary-elementary operator whereas the up quark Yukawa comes from 
a composite-composite-elementary operator, meaning the lower generations of up quarks ac- 
quire an extra suppression in their mass terms and therefore that the mass hierarchy is more 
extreme (i.e. roughly the square of the down quark and charged lepton hierarchies). 

The expressions ()3.16p for e and r/ required in the quark sector appear to be at odds with 
the ratios (j3.1ip required for the lepton sector. This is in fact the second feature that the 
model shares with the ten-centred models. One can account for this difi^erence by invoking the 
unknown field normalisations. The fields e^, u'^ and Qa all come from composite operators 
defined in Eq. ()3.5p , but this expression does not specify the normalisation of the fields arising 
from the Kahler potential. As we already mentioned, in Seiberg duality it is reasonable to 
take the factors to be of order unity, but strictly speaking one has h-aAa = aA,aYaya for some 
undetermined and incalculable constant a. Since the SU(5) gauge group is ultimately broken, 
it is conceivable that different normalisation constants arise for e^, u"^ and Qa- The net effect 
is to allow different effective values of e and rj in each Yukawa coupling, i.e. 



_ / QQ2«n2 _ «Q2 _«e2 

£ii — ^ j £ £^ — £ £e — £ 



'nu=J V r]d= V ^e = V (3.17) 

V aQ2a«2 aQ2 ae2 

with £ and rj defined as in Eq. ()3.4p . If we desire the field normalisations to be natural and 
of order unity (allowing values of a around 1/3 — 3 say) such factors are sufficient to allow 
consistency between Eqs. (jS.lip and ()3.16p . 

Now we turn to the CKM matrix and allow the down quark mass matrix to be off-diagonal, 
5, c 7^ (allowing both mass matrices to be off diagonal does not change things significantly). 
Alas it can be shown that the CKM matrix cannot be reproduced satisfactorily. For the Z3 
imposed structure of Eq. ()3.3p . it is always diagonal in the degenerate limilo £ = rj = \ - 
any off diagonal corrections are generated by the quark mass ratios. The problem therefore 
lies with an incompatibility between the mass ratio relations of Eq. ()3.16p and the size of 
the Cabibbo angle: the Cabibbo angle is always too small when the mass ratio relations are 
satisfied. One can see why by referring to 321 The arguments there suggest that, if the mass 
ratio relations are satisfied 



VcKM ~ ?/ 1 e ~ Jniu/mc 1 Jrnjrnt . (3.18) 



1 


rj £r] \ 


/ 1 ^/mu/rric 


yJiTiu/mt 


r/ 




\/mu/mc 1 


^Jmclmt 


sri 


e 1 / 


\ y^mu/mt ^Jniclmt 


1 



^This can be seen by rotating the both the left and right handed quark multiplets into their Zz eigenstates 
upon which the matrices ^q and C, are simultaneously diagonalised. 
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0.986 


0.168 


0.005 \ 






0.168 


0.985 


0.023 


, J = 


= 2.14 X 10"^ 


0.009 


0.027 


1.000 / 







Though most of the entries can be made acceptable by varying the parameters in ^q and C,, 
this form always leads to values of \Vus\ and \Vdc\ (i-e. the Cabibbo angle) that are too small 
by a factor of five to ten. 

However, we can again address this problem by considering the field normalisations. In- 
deed, it is easily shown that the Yukawas of Eq. ()3.8|) with hierarchies defined by Eq. ()3.17p 
can reproduce the flavour structure of the MSSM entirely, including any CP violation. For 
example, choosing a diagonal up quark Yukawa and a down quark Yukawa parameterised by 
Ed = 0.051, r}d = 0.19 and {a,h,c) = {e^""/^ .Ze'"'"'^ ,2>e'^^'"/^) results in 

!!^ = 0.043, ^ = 0.084, IFckmI 
nib iris 

(3.19) 

Here, J is the Jarlskog invariant [54'!56] which has experimental value (3.05^q'2o) x 10 ^ and 
is non-zero if and only if CP violation is present in the quark sector (see Appendix [C]). To 
satisfy the experimental constraints on the up quark and charged lepton masses one then 
needs to choose field normalisations 

^^0.4^^^ and ^^0.5^^0.03^. (3.20) 

"eS a«3 OQS OLe2 a«2 OIQ2 

Therefore an additional small hierarchy in the normalisation of the first two generations is 
desirable, although strictly speaking we can get away with only order unity parameters by 
setting aqi « 3 and aQ2 ~ 1/3. 

The final aspects of the model we will examine are the absolute mass scales of the various 
fields. Combining the down quark Yukawa ()3.8p with the up quark and charged lepton masses 
of Eqs. p.l5p and (|3.10p one finds expressions for the third generation masses 

^t^{H)(4f] , mfc-m, ~(#)-^ (3.21) 



M^) ' --^-^^-Wj^ 



leading to the relations 



^3 ?^^x (3.22) 

m-r tan p 

between the fundamental scales of the model, where tan/3 = {H)/{H). One can see that this 
model favours a large value of tan f3 (greater than about 10 for reasonable values of ag and Xu) 
and similar values for the two scales; A3 ~ Mx- In fact, it is economical to choose the right 
handed neutrino mass scale to be around Mx too. All new fundamental high scales would 
then be around the GUT scale of 10^^ GeV, with only the usual MSSM parameter /i ~ 1 TeV 
being different. Other than this argument of economy there is no immediate constraint on the 
absolute values of Mx and A3, only their ratio. One could therefore imagine a UV completion 
similar to Ref. |7] where there is no need to to take Mx to be as high as the GUT scale. In 
this scenario the only constraints on the compositeness scale would be the non-observation 
of the additional fields P and P (charged under the SM gauge group) and the apparently 
elementary nature of the SM fermions up to the TeV scale - it is entirely feasible that the 
compositeness scale could be as low as a few TeV. 
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4 Hierarchies driven by anomalous dimensions 

We have just seen how hierarchies in the MSSM can be introduced by the dynamical scales of 
multiple strongly coupled gauge groups. An alternative possibility is to use the the anomalous 
dimensions of various operators and the resulting wavefunction renormalisation. The general 
idea was introduced in Ref. [TT] and can be summarised as follows. Suppose we take the 
coupling 

WlK D -^i^aQ^YaYaH (4.1) 

and investigate the RG flow of the coupling constant ^. Wavefunction renormalisation is the 
only effect we need to consider in super symmetric field theories, so we find 

/3e = e + \aiQ + 27y + 7^) (4.2) 

where the 7's are the anomalous dimensions of the elementary fields appearing in the Yukawa 
couplings, i.e. 

dimy = 1 + -7y , etc. (4.3) 

Ergo if the Yukawa coupling is defined at some high scale Mx ~ where its value is naturally of 
order unity - and the anomalous dimensions remain roughly constant, one finds that it runs 
to 

at some lower scale A. Now if we allow the anomalous dimensions to be different for each 
generation we can easily arrange for a large hierarchy in the Yukawa couplings, as long as 
K/Mx is sufficiently small and the anomalous dimensions are sufficiently large. In particular 
we could assume that 7^-^ = 7^2 = Im to find 

which generically reproduces the hierarchical structurqlj found in ^when 7^1 > ^y2 > 7Y3- 
With this in mind we will now show how a simpler modelij can be constructed, where 
the hierarchies are driven only by the anomalous dimensions of the elementary fields in the 
strongly coupled sector. It should, however, be noted that the arguments below would apply 
equally validly to the model presented in ^ The deconfined theory will be an SU(5) x SU(2)'^ 
model with a Z3 permutation symmetry, as in ^ with each SU(2) corresponding to a single 
generation. Rather than introducing any additional composite states we will associate the 
YaZa operators with the MSSM Higgs fields. Of course, this means there will now be three 



^"An interesting variation on this idea would be to have negative anomalous dimensions, with those for 
the third generation being furthest from zero. The Yukawa couplings of the third generation would then be 
enhanced by RG flow, rather than the Yukawa couplings of the first generation being suppressed as is usually 
the case. Such an approach actually seems to fit better with the observed mass hierarchies: the masses of the 
first generation particles are very similar whereas there are increasingly large discrepancies in the masses of 
subsequent generations. 

^^The model is based on Ref. [52], where a confined SU(5) GUT model was introduced as the magnetic 
description of an electric dual GUT - an SU(ll) x SU(2)'^ theory for example. In this paper we shall instead 
assume the deconfined magnetic theory to be valid upto the GUT scale. 
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Q^ 


lyf Ya Za 


SU(5) 
SU(2), 


D 
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D 
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1 D 1 
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Table 4.1: The deconfined SU(5) x SU(2)^ model with a composite Higgs. The indices a and 
i run from 1 to 3 and the bottom two symmetries are global. The SU(5) gauge group is used 
for book-keeping purposes only. In addition, there is a Z3 permutation symmetry acting on 
indices i and a. 
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Table 4.2: The matter content of the confined SU(5) x SU(2)'^ model with a composite Higgs. 

generations of Higgses Ha, and also that H should be appended with a flavour index so 
that all Higgses get masses and the gauge anomalies cancel. The complete matter content is 
shown in Tables 14.11 and 14. 2t the deconfined and confined theories respectively. Even if the 
SU(5) gauge group is being used for notational convenience rather than any physical reason, 
the Higgs triplets are unavoidable due to the nature of the Ha as composite operators. The 
-R-parity acts as before but there is no longer any need for an extra U(l) symmetry. Note 
that as far as the confining SU(2)'s are concerned the matter content is identical to ^ so 
s-confinement is unchanged. 

The superpotential we will use in the deconfined theory is similar to Eq. ()3.2p and reads 



^JV 



1,^1 

iH,iaHiYaZa + YIT^Q ,V ^Q iYaYaH j + YTrMja^tQjYaZa + M^^ijU^U^ . (4.6) 



Mx 



Mx 



This is still the most general superpotential consistent with the symmetries of the theory, but 
now only up to fourth order in the deconfined degrees of freedom. In order to reproduce the 
correct flavour structure in this model, we will need to include a second Z^ symmetry in the 
UV theory that acts in the same way but only on Z and H. Thus the matter flelds couple 
only to the singlet states 



Hs = Hi+H2 + H3 and {YZ)s = YiZi +Y2Z2 + Y3Z3 
and the superpotential becomes 



(4.7) 



WvY = iH,iaHiYaZa + -^_iQMQiYaYaHs + -^Mj^tQj {YZ)s + M.^ijufu''^ . (4.8) 



Mx 



Mx 



Equivalent symmetry arguments to those found in ^then give the form (j3.3p for the elemen- 
tary couplings ^ and Mj,. We now flow to the IR where the SU(2) factors become strongly 
coupled and undergo s-confinement. During this process one expects the various couplings in 
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the superpotential to run due to the effect of wavefunction renormahsation, with the running 
governed by the anomalous dimensions of the elementary fields. We generally expect the 
fields to have small anomalous dimensions, but this is not necessarily the case in the strongly 
coupled sector. Here the fields are subject to highly non-trivial, non-perturbative effects that 
can push the anomalous dimensions far from zero. In addition, the anomalous dimensions 
depend on non-holomorphic interactions so it is reasonable to assume that they are less con- 
strained by the flavour symmetries appearing in the superpotential. Consequently we assume 
that this is where the Z3 permutation symmetry is likely to be broken. Equivalently, we can 
say that the theory starts at a UV fixed point with a Z3 flavour symmetry. It is then the flow 
from this fixed point that breaks Z3. We will come back to this idea in ^ 
Supposing this is the case we find 

dimi;y„ = 2 + -jA,a , diuiYaZa = 2 + -7H,a (4.9) 

for some positive, order unity anomalous dimensions 7 with all other anomalous dimensions 
vanishing. This implies that the couplings run as 



^H,ia > S,H,ia 

<,Q,ija ^ '^QAJO' 






Mx 






<.u,ija ' C,i',ija \ ,^ ) [^-^^J 



Mx 

Mx 
Defining the elementary IR fields 

AaAa ~ YaYa , AaHa ~ YaZa (4.11 

we thus find an IR superpotential 



1., , , 1, 



I^IR = Aa[j^) ^H,.aHA + J^[-^) ^Q,.aQ.A.Hs + 

Y^ ] iy,^j ^iQj Hs + M,,ij vtv] ^A^AaRa. (4.12) 



A / A \ ^'^^''^ 



Mx \Mx 

This time the up quark Yukawa - the AAH term - is generated non-peturbatively so warrants 
a more detailed discussion. The idea that the up quark Yukawa couplings can be generated 
by s-confinement of Sp(M) gauge groups was noted in Refs. [6|l5H[57j. The general form of 
the dynamical superpotential is given by the Pfaffian of the mesons to which the confining 
group couples: 

Pf ir(mesons) 

W^dyn = ^^_3 ^ (4.13) 

where F = 2M -|- 4 = 6 denotes the effective number of fiavours seen by each s-confining 
Sp(l) gauge group. In the present case these flavours correspond to Y^'s in fundamentals of 
SU(5) and singlets Za- Hence the coupling for each gauge group is [57| 



W e(^\YaZa)iYaYa)iYaYa) 
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Identifying the elementary IR fields as in Eq. (j4.1ip we thus find the stated coupling. It is 
important to note that the dynamical superpotential does not respect any anomalous global 
symmetries. Of particular relevance here is the additional Z3 symmetry, which we added to 
restrict the matter fields to couplings involving only the Z^ singlet Higgs states Hs and Hg- 
Hence the up quarks are free to couple to all components of the Higgs field. This will be 
important when calculating the form of the up quark Yukawa coupling. 

Adopting the opposing strategy from ^ we will now assume all three dynamical scales 
are equal and only the anomalous dimensions are distinct. To simplify the discussion we will 
reparameterise the hierarchy as before, assuming 71 > 72 > 73 and setting 

\{lA\-lA2) 



A > 


\ilH2-lHS,) 


Mx) 




■ A ^ 


V \inA2-lAz) 


Mx, 


) 



'iVfcl ="« 



(4)' ="- c-i^) 



The Higgs mass matrix is therefore of the form 



^ \ 57H,a / a^HTlH hen c 

Atia = A ( -j^ ) ^H,ia = hK I CEHllH aER b | (4.16) 

benriH ceh a 



Mx 



where h = (A/Mx)'''^^ "• Generically the eigenvalues are of order (/lA, ej|//iA, EHflnhh) but 
if we make the special choice 

a + 6 + c = (4.17) 

the smallest eigenvalue becomes zero. Thus with the usual fine tuning (specifically, one 
requires 5a/a = Hmssm/ ^HVHh-^) we can arrange to have one light eigenvalue of around 
Mmssm- Recalling that the SU(5) structure is simply for convenience, we are free to have this 
fine tuning only in the Higgs doublet mass matrix leaving the triplet masses all above EnhA. 
As long as Enhh. > Mqut the extra Higgs fields do not spoil gauge unification and if EnhA 
is large enough proton decay will also be suppressed. 

At low energy one then goes to the diagonal basis for the Higgses and integrates out all of 
the triplets and the two heavy generations of doublet. The light Higgs doublet, H, is made 
up of a linear combination 

H^Hi+ ehH2 + EHmH3 (4.18) 

whereas H is made up of a roughly equal combination of Hi, H2 and H3. This means 

{Hi,H2,Hs) D {H,ehH,ehVhH) 

(#1,^2,^3) 3 {H,H,H) (4.19) 

which further implies that 

Hs = Hi+H2 + H3DH and Hs = Hi + H2 + H^ D H (4.20) 

so we once more find a low energy superpotential of the MSSM form 

Wm = HHH + Xd^iadiQaH + Xu^abKQbH + Xe,iae'aLiH + K^ijvfLjH + My^ijufv^j . (4.21) 
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Since the Z3 singlet Higgs states Hs and Hg both contain order unity components of the hght 
Higgs doublets H and H we can simply replace Hs — )• H and Hg -^ H in the down quark and 
lepton Yukawas. Applying the parameterisation defined in Eq. ()4.15p . most Yukawa couplings 
can then be read straight from Eq. (|4.12|) to be 

^ / asAVA he A c \ 
Ad ~ Ae ~ — — I CEAllA aSA b 1 , X„^ij ~ Ciy^ia ■ (4.22) 

^ \ beAVA CEA a ) 

We therefore find exactly the same form for the down quark and lepton Yukawa couplings as 
given in Eqs. (j3.c{p and (j3.8|) . On the other hand, mixing between the Z^ Higgs eigenstates in 
the up quark sector produces a different up quark Yukawa. Including all three components 
of the Higgs field, the up quark Yukawa couplings take the diagonal form 

ulQiHi + u'iQ2H2 + ulQ^H^ (4.23) 

where each term can be multiplied by an order unity coupling constant. Upon integrating 
out the heavy Higgs fields and using the relations of Eq. (|4.19p we thus find 

/I \ 

A„ ~ en . (4.24) 

V eum I 

If we choose eh = £\ and tjh = rjjy the only real difference between this model and the 
model in ^ is that the up quark Yukawa is forced to be diagonal. In other words, all of the 
arguments about masses mixing given in ^3.11 are directly applicable to this model. As with 
the previous model we are free to vary the a's independently for the up quark singlet, quark 
doublet and charged lepton singlet to reach the correct mass and mixing parameters, although 
this time we have more freedom as we can vary the relationship between eh, i1h and ea, tja 
as well. The exception to the comparison is with the absolute masses of the various particles. 
Since the up quark Yukawas come from a non-peturbative term they are not suppressed by 
the high scale Mx, whereas the down quark Yukawas and charged lepton Yukawas are. Ergo 
it is more natural for the top quark mass to be large in this model, which was not the case 
previously. Quantitatively we require 

A my, 

— ^tan/3 (4.25) 



r\j 



Mx mt 

(with A > Mqut to suppress the Higgs triplet masses). A sensible choice would therefore 
be Mx = Mp\ which leaves a large range for A in which proton decay from our heavy Higgs 
triplets is not problematic. 

Despite their mathematical similarities, the physical interpretation of this model is quite 
different. Although the Z3 symmetry breaking and mass hierarchy patterns are the same as 
in ^ they are now being driven by the anomalous dimensions of the composite operators 
rather than the dynamical scales of the theory. Nonetheless both effects are a direct result of 
strongly coupled physics. 

5 Geometric realisation 

The models presented in the previous section were in summary ten-centred models in which 
the hierarchies were indeed generated by compositeness, and in which either the confinement 
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scales or the anomalous dimensions broke an underlying discrete symmetry. The neutrinos 
then indeed retained the discrete symmetry of the UV theory because their couplings did not 
involve any composite fields. It is natural try to ask if one can have configurations in which 
the discrete symmetry is broken partly by the confinement scales and partly the anomalous 
dimensions. In particular this may help to alleviate some of the problems we found with the 
small Cabibbo angle. In order to realise these more general configurations a geometric picture 
is far more flexible: it will also neatly encapsulate the relation between the discrete symmetry 
and the strong coupling. 

In order to construct a geometric realisation, it is natural to use the AdS/CFT corre- 
spondence. In particular, models in which there are a number of strongly coupled conformal 
sectors coupled to a weakly interacting set of elementary fields is naturally described by a 
multiple-throat geometry of the kind analysed in Ref. [52] . For a three throat model we can 
incorporate a Z^ permutation symmetry as a rotational symmetry amongst the throats. The 
Z3 breaking by different dynamical scales then corresponds to different throat lengths. From 
the 5D point of view this is simply the spontaneous breaking of the discrete symmetry by 
the Goldberger-Wise mechanism [53j (i.e. one would write down stabilizing superpotentials 
on the UV and IR branes for a bulk scalar field that can give at least three different possible 
minima on the IR branes, leading to spontaneous breaking of the Z^ permutation symmetry). 
The holographic interpretation is that the conformal symmetry of the 4D theory is broken 
spontaneously, and that this breaking can happen at different dynamical scales. The alterna- 
tive model incorporated Z3 breaking by different anomalous dimensions, and this corresponds 
holographically to different bulk masses in exactly the same setup. 

Though there are many possibilities in this general setup, we will consider a model similar 
to the field theory discussed in ^ so as to allow for an explicit comparison that highlights the 
strong coupling effects in both models. Accordingly, we choose to localise the right handed 
down quarks and lepton doublets {dP and L) near the UV brane, and the right handed up 
quarks, charged leptons and quark doublets {u^^ e'^ and Q) near the IR brane. A single 
generation of Higgs fields and three generations of right handed neutrino {H, H and v^) are 
all fixed on the UV brane. A graphical representation of the model is given in Figure 15.11 In 
the dual, strongly coupled CFT this model corresponds to mainly composite fields u^, e'^ and 
Q, and mainly elementary fields (F^ L, u'^, H and H just as in the field theory example. 

In order to calculate the coupling constants in this picture we make use of the results in 
Refs. EZlEHlEni to find 

3 

«=1 



W^ = W^uv [^4(^'^), ^5(0, x'^)] + Y. e-=^'^'W^S k"''''J>4(x^), ^^{Ri, x^')] (5.1 



where $4 denotes the 4D fields on the branes (which pick up normalisation factors e ' from 
the kinetic terms on the IR branes) and $5 denotes the 5D fields in the bulk. Their zero 
modes are given by 



^,{y,,x^^) = Nke^i-'^>y^^^{xn where iV = J-^JlJ^ . (5.2) 

Here, A^ is a normalisation factor arising from the kinetic terms and c is the bulk mass of the 
field; it is less than 1/2 for IR localised fields and greater than 1/2 for UV localised fields. It 
is generally difficult to have superpotential couplings appearing in the bulk as the notion of 
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Figure 5.1: The three throat picture. Left: The Z3 flavour symmetry has a geometric descrip- 
tion in terms of a rotational symmetry between throats. Hierarchies and flavour symmetry 
breaking arise from different throat lengths, corresponding to dynamical scales in the dual 
CFT. Right: The localisation of fields in each throat. Fields on or near the IR brane are 
composite operators in the dual CFT while those on or near the UV brane are elementary. 



supersymmetry in five dimensions is quite different from the four dimensional interpretation 
on the branes. In our case, the superpotential is entirely localised on the UV brane: 

WijY = ^,HH+X%jdliQ5jH+XlijuliQ5jH+XlijeliL5,,H+\l^ijU^L^^^ (5.3) 

with the forms all UV coupling constants being determined by the Z3 symmetry on the UV 
brane. Plugging into Eq. (j5.ip we thus derive the following expressions for the 4D coupling 
constants 






X%jkNd,NQ^ 
^l,ijkNu..NQ^ 
X%^kN,,M, 



(5.4) 



with the normalisation factors given in Eq. ()5.2p . 

Since the right handed neutrinos live on the UV brane they have no knowledge of the Z3 
breaking in the throats and their Majorana mass is determined as in Eq. (j3.3|) . with the mass 
scale m being replaced by the UV scale. The left handed neutrinos have a presence in the 
throats so their Yukawa could pick up a Z3 breaking contribution through the normalisation 
factors Nl^ (which would correspond to a hierarchy in the columns of Ajy). However, as long 
as the lepton doublet is well localised in the UV (i.e. cl ^ 1/2) this contribution is negligible. 
The neutrino mass matrix is therefore determined in exactly the same way as in the field 
theory case (see Eq. (j3.12p ). Again, we need to force a diagonal charged lepton Yukawa but 
we will discuss how this can arise naturally shortly. Hence for a UV scale of around the GUT 
scale we easily recover the previous results in the neutrino sector: tribimaximal mixing and 
eV scale light neutrino masses given by Eq. ()3.14p . 

Meanwhile in the quark and charged lepton sectors there is a strong presence in the 
throats so the Yukawa couplings feel the full effects of the hierarchical warping factors and 
the subsequent Z3 breaking. For the 4D couplings to be consistent with the third generation 
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masses we need the third generation Yukawa couplings to be of order unity, i.e. there cannot 
be much warping in the shortest throat, which contains the third generation fields. To this 
end we choose kirR^ = 1 in which case N^ ~ 1 for all fields propagating in the third throat. 
We also assume A^/c ~ 1 for each bulk coupling. Assuming that the warping effect is stronger 
in the remaining throats, we can then approximate the Yukawa couplings as 

(aedijd bed c \ / aSuild bsu c \ / aeeijd tee c \ 

cEdild asd b \ , Xu= { cEuVd asu b \ , Ae = cSeVd ase b (5.5) 
bSdVd CEd a j \ bEuVd CEu a j \ bSeVd CEe a / 

where the e's and 77's break the Z3 symmetry and arise from the warp factors: 

The other parameters in the Yukawas are assumed arbitrary and of order unity. As in the 
field theory, the form of the bulk couplings A^ is set by the Z3 symmetry but this time 
one immediately sees that there are three independent hierarchies. However, if we assume an 
underlying SU(5) GUT like structure we expect to find Ce = Cu = cq and Cd = cl. Substituting 
into the above equation immediately suggests that Ed = Ee = ^/e^ and r]d = tj^ = y^ thus 
reproducing the structure found in ^ As such, the same arguments can be used to show 
that this model does indeed reproduce the MSSM masses and mixings. 

Comparing the warping factors with the measured mass values (|2.2p one can get a handle 
on the lengths of the other throata^^l: 

i - ,^3) ki(R, - R3) ~ ta (5^) ~ In (j;^) ~ i In (^ 

and therefore 

r> E> 

-i -^ ~ 0.99 ~ 1.31 ~ 1.9 . (5.8) 

R2 — ^3 

These relations are not exact, but it should be noted that we are considering a simplified 

picture. In reality there are several other effects that would effect the flavour structure (such 

as tunnelling between throats J61tl62j and back reactions from the spontaneous Z3 breaking) 

that contribute to the Yukawa couplings. It is entirely conceivable that such effects will 

improve these results by the required factors of order unity. 

As mentioned earlier, by implementing an alternative approach one can arrange for the 

charged lepton Yukawa to be naturally diagonal. The price for this convenience is a loosening 

of the precise SU(5) GUT structure we found in the previous example. Consider instead 

the scenario represented in Figure 15. 2i Here each generation of right handed up quarks and 

charged leptons are confined to the IR branes at the end of their throats. The only fields that 

can couple to them are those whose wave function has an overlap with this IR brane, i.e. those 

which propagate in the same throat. As such, both the up quark and charged lepton Yukawa 



'^■^The existence of flavour changing neutral currents (arising from couplings to the gluon Kaluza-Klein 
modes) provides an upper bound on the throat length. Ref [60) gives the absolute worst case scenario of 
l/R > 300 TeV. 
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Figure 5.2: The three throat picture with diagonal charged lepton Yukawa. The charged 
lepton Yukawa hves at the end of each throat, so only couplings to the fields in the same 
throat are allowed. 



are necessarily diagonal in the throat basis. Conversely, the right handed down quarks and 
neutrinos are confined to the UV brane. All three throats have an intersection here so different 
generations are allowed to mix. Thus all mixing in this (and any other) multiple throat model 
occurs only on the UV brane. 

For this picture to work out we must allow a single generation of Higgs fields to propagate 
in all three throats as described in Ref. [52] but this simply results in a normalisation factor 



N 



(1 - 2c) 



g(l-2c)fc7r_Ri _|_ g(l-2c)fc7ri?2 _(- g(l-2c)fc7ri?3 _ 3 



(5. 



for the Higgs fields. The superpotential now has both an IR and UV component so is a little 
more complicated, but using the results in this section one can easily show that 



aSdVd b£d c 
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where the e's and r/'s again break the Z^ symmetry and arise from the warp factors: 



£^ ^ g-(|-CQ)fc7r{iJ2-iJ3) 



Br 



7?rf « g-(^CQ)fc^{fil"^2) ^^ ^ g~(cH-|)fc-(i?l-i?2) ^^ ^ g- 



(cL+c^-l)fc7r(_Ri-/?2) 



(5.10) 



(5.11) 



Since there is in principle no GUT symmetry to constrain the c's in this case the warp factors 
remain independent and the various MSSM hierarchies are easily reproduced. However it 
should be noted that the approximate underlying GUT structure is retained in the manner 
described in the Introduction: all the fields that appear within the same GUT multiplet have 
their wave functions localised near each other. 

Note also that one can create hierarchies by using the bulk masses rather than the throat 
lengths. Since it is the product cknR that appears in the exponent of the warp factors, we 
could allow different bulk masses c in each throat and keep R fixed to arrive at exactly the 
same result. In this scenario having multiple throats is not strictly necessary but continues 
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Figure 5.3: An alternative three throat picture. Hierarchies and flavour symmetry breaking 
arise from different field localisations instead of different throat lengths. This corresponds to 
varying the dimensions of operators in the CFT. 



to give a clear, geometrical interpretation of the flavour symmetry and where it is broken. 
However, the strong coupling interpretation is now quite different and more akin to ^ The 
bulk mass is related to the dimension of the scalar component of the corresponding CFT 
operator via 

dimC' = --c. (5.12) 

Hence small values of c (i.e. IR brane localisation) in the AdS theory yield higher dimensional 
operators in the CFT. Consequently any superpotential interactions between these fields and 
elementary fields will be more suppressed for smaller values of c. This can come about in 
more than one way. For example, Refs. |30fl32j explicitly build Standard Model fields out of 
operators of increasing dimension. Alternatively the effect could be tied to the strong coupling 
in a highly non-trivial way such as through the anomalous dimensions of the operators (see 
^or Ref. [11] for example). Regardless, such a situation is well described in the AdS picture 
and thus can be easily represented in the same, diagrammatic fashion. See Figure 15.31 for an 
example. 

Finally it is worth mentioning how this picture applies to the non-supersymmetric case. 
All arguments regarding the flavour structure are directly transferable. In fact we have more 
model building freedom as there is no need to confine couplings to either the UV or IR branes. 
For example, in the non-supersymmetric case we could take the model represented in Figure 
15.21 and move the right handed quarks and charged leptons slightly into the bulk to join the 
left handed quark doublets. At the same time we could move the right handed down quarks 
slightly into the bulk to join the lepton doublets. This would combine the GUT structure of 
our first example with the naturally diagonal charged lepton Yukawa of our second to create 
a very satisfying model. The problem lies in the Higgs sector. Since there is always a short 
throat with an order unity warping factor it is impossible to use the warped extra dimensions 
to stabilise the Higgs mass. Hence supersymmetry, or some other mechanism, will generically 
be required to solve the Higgs mass hierarchy problem in these models. 
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6 Conclusions 



In this paper we have demonstrated how the two principles of strong couphng and discrete 
symmetry can be used to explain the flavour structure observed in the Standard Model. All 
hierarchies, both in particle masses and the quark mixing matrix, arise from strong coupling 
effects. Tribimaximal mixing occurs in the neutrino sector thanks to a discrete flavour sym- 
metry between generations. This flavour symmetry is respected by the whole model at high 
scales, however it is broken by the strongly coupled physics in the low energy theory. By build- 
ing models where the quarks and charged leptons feel the strong coupling but the neutrinos 
do not, it is thus possible to simultaneously find tribimaximal neutrino mixing and a realistic 
CKM matrix using only a single flavour symmetry. Such models are readily compatible with 
grand unified theories. 

We provided two explicit examples, using J\f = I supersymmetry and s-confinement to 
understand the strongly coupled physics. The first (see ^ attaches a distinct strong cou- 
pling sector to each generation - hierarchies are generated by the three different dynamical 
scales. The second (see 21 assigns a different anomalous dimension to each generation to 
arrive at analogous hierarchies. In both cases the hierarchies are natural and generated using 
only parameters of order unity. By including a discrete Z3 permutation symmetry between 
generations tribimaximal mixing occurs in the neutrino sector, where the strong coupling has 
no influence. Meanwhile in the quark and charged lepton sectors strong coupling breaks the 
flavour symmetry and we find realistic values for the particle masses and CKM matrix. If 
we assume the up quark Yukawas come from composite-composite-elementary operators in 
the UV while the down quark and charged lepton Yukawas come from composite-elementary- 
elementary operators (as would necessarily be the case in the standard SU(5) GUT), we 
naturally expect the the mass hierarchies in the down quark and charged leptons sectors to 
be similar and roughly the square root of the up quark mass hierarchy. Both of these models 
predict two degenerate light neutrino masses at tree level, in keeping with the experimental 
observation Amoi <C A 



\m 



32- 




Figure 6.1: The three throat picture can be realised with many different matter distributions. 



Equivalent geometrical models can be built by appealing to the AdS/CFT correspondence. 
The appropriate spacetime background in the 5D theory consists of a central UV brane from 
which several warped throats emanate. In our case there is a network of three such throats - 
one for each generation. The Z3 flavour symmetry then has a geometrical interpretation as a 
rotational symmetry between throats, whereas hierarchies are represented by different throat 



24 



lengths or different localisations of fields within the throats: both options being understood 
as a spontaneous breaking of the discrete symmetry. Only the fields localised in the throats 
are affected so, if the neutrinos are all localised on the central UV brane, tribimaximal mixing 
is maintained. On the CFT side the throat lengths and field localisations correspond to dy- 
namical scales and anomalous dimensions respectively, hence this picture is totally analogous 
to (and gives a geometric description of) the s-confinement models. 

There are many model building possibilities in this general setup and all can be represented 
graphically (see Figure 16.11 for several Z^-hased examples that reproduce the correct flavour 
structure). This provides a powerful tool. For example, by varying the geometry of the 
throat network one could quickly construct theories with alternative discrete flavour symmetry 
groups - such as A^ or 54. 
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A Z3 and the UV superpotential 

To derive the expressions (|3.3p for the coupling constants appearing in the UV superpotential 
we first review a few aspects of the discrete Z3 permutation symmetry. Acting on the triplet 
{Yi, Y2, Y3) the group performs cyclic permutations and can be represented by the action of 
the matrix 

/O 1 0\ 

T= 1 . (A.l) 

Vl 0/ 

To respect the Z3 symmetry of the model all terms in the superpotential (|3.2p must be 
invariant under such transformations. The affected terms are 

Wxjy D ip,iaPiYaZa + -^ ^Q .iaQ iYaYaH + -i^C,,e(5)y^y^y,y,// + 

K^ijvfQjH + M^^iju^i^^ . (A.2) 

First consider the term ^qQYYH that contains the down quark and charged lepton Yukawas. 
The Z3 structure of this term is 

YiYi \ 

(Qi, Q2, Q3)Cq I ^2^2 . (A.3) 

YsYs J 

Since the Y's couple diagonally T permutes the triplet (YiYi, Y2Y2, I3I3) exactly as it would 
the original triplet (Yi, Y2, I3). To ensure the term is invariant we thus require 

nQT'^ = eg =^ e = I c a 6 1 (A.4) 

\ b c a / 

for some undetermined arbitrary constants a, b and c. Exactly the same argument holds for 
Xu and S,p- For the remaining matrices (" and Mi, there is an additional constraint arising 
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from the fact that the matrices must be symmetric. This is clear in case of My^ but for C, one 
must notice that the contraction of the gauge indices with an alternating tensor results in the 
term CXY^YH being symmetric in the indices a and b. 

B Deviations from tribimaximal mixing 

In ^3.11 we considered the simplest case in the lepton sector, where 6 = c = in the charged 
lepton Yukawa coupling of Eq. (|3.8p . As it stands there is no symmetry principle enforcing 
this condition (although such a choice could be justified by, for example, embedding the Z^ 
symmetry in and SU(3) flavour symmetry or through the geometric arguments of ^ so one 
might like to consider deviations from equality. Suppose we allow off diagonal entries of order 
a. The charged lepton mass matrix is modified to 

mi ~ ^ I crer/ QeS a | . (B.l) 

In general, the new charged lepton mass matrix will require a bi-unitary transformation to 
put in into a diagonal form in which case the PMNS matrix will be adjusted accordingly. The 
relevant unitary matrix is the one acts on the left handed lepton doublet, i.e. the one that 
diagonalises 

mm] ~ ^ '^ ^ ae^ + a^ e^ + a^ a \ (B.2) 

' V ^^ y V - - 1 / 

where we have assumed that ag ~ 1 and that CT,e,r] <^ 1. We thus find 

/ 1 



Ui 



_2 



£2+0-2 

\ a a 



1 a \. (B.3) 



If cr < e the 1, 2 component goes like a, but if o" < e it is of order unity. Assuming a < e, the 
net result is to change the unitary transformation required to diagonalise the neutrino mass 
matrix. Eq. (|3.13|) becomes 

m^ = Ulu}myUiUy. (B.4) 

We know from ^3.11 that the matrix UiUp is equal to the tribimaximal mixing matrix Vhps 
given in Eq. ()2.4p . In other words, the neutrino mixing matrix becomes 

^PMNS = ulVm-s ~ ^HPS + 0{a) . (B.5) 

Since Ui is a unitary transformation, the eigenvalues of the neutrino mass matrix are un- 
changed. 

C CP violation 

It is convenient to parameterise the CP violation using the Jarlskog invariant ^541156] . which 
is given by 

J = ^ " "; '' '^ = (3.05i[!i^) X 10-5 (C.l) 
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and is non-zero if and only if CP violation is present in the quark sector. The matrices M^i^ 
are the quark mass matrices normalised by the top and bottom quark masses, whereas the 
quantites Fu and Fd are defined to be 



Fu/d 
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